A Second Order Solution to the Lid-Driven

Cavity Problem

Ben Wilfong

Ben Wilfong A Second Order Solution to the Lid-Driven Cavity Problem



Problem Description

Vi(t,x,0.1) = U
(0,0.1) Vy(t,x,0.1) =0 (0.1,0.1)

VX(t707Y):O VX(tvo'lvy):O
V,(t,0,y) =0 V,(t,0.1,y) =0
(0,0) Vi(t,x,0) =0 (0.1,0)

V,(t,x,0) =0

U=05m/s UH  (0.5)(0.1)
0.lm Re » 0.001 50
v = 0.001 m?/s
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Governing Equations
Navier-Stokes Formulation
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Stream Function Vorticity Formulation
oo o (0 5
ot Ox dy ox%  0y?
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A Numerical Step

@ Initialize velocity, vorticity, and stream-function fields
@ Compute the bounday conditions for vorticity using the
stream-function field

0’V
Cwall - _ﬁ

wall

© Solve the vorticity transport equation for the next time step
@ Solve the Poisson equation for the stream function

© Compute the velocity field at new time step using

_ov__o¥
Oy Ox

u

@ Return to step 2 and repeat until convergence
1

https://www.iist.ac.in/sites/default/files/people/psi-omega. pdf
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The Numerical Scheme

@ The Implicit Trapezoid method will be used for time

advancement
CnJrl Cn % %
At e, " dt|,.,
@ 3-Point central differencing will be used for first and second
derivatives
dx  Xip1 — Xi—1 Px X1 = 2% + X1
dy  2Ax ay? (Ax)?

@ 3-Point one sided differences will be used for calculating (s
boundary condition

Cwal = aV; + bV 1 + Vi
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Computational Mesh
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Step 2: Calculating Boundary Conditions for (

Forward Difference Backward Difference
%Wy ; v;
v aVy j+ bV ; + cW3 ; TZY =aVn, + bV, 1+ Wiy, 2
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01 sy, —TV; p, +8Y; —v; 3u; v
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Step 3: Time Step the Vorticity Transport Equation

Discretization of Vorticity Transport Equation

¢ i uj i v
611:)1 = 2lhj (=15 — Civ1) 4 il (Cu 1 — Gij+1) + s (Ci1,j + Cim1,j + i1 + Gijj—1 — 4€ij)

7<Ui,i+i)<, _+(77)<'_+(7”i,j+i>g_ _+(Vi,j+1)g__ o
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For the unknown vector:
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Step 3: Time Stepping the Vorticity Transport Equation
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Step 3: What is K7

© First Nx-2 Rows account for the left, right, and bottom walls
@ Last Nx-2 Rows account for the left, right, and top walls

© Remaining rows account for left and right walls at interior
points
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Step 3: Time Stepping the Vorticity Transport Equation

(=" — At (Lg + L¢M 4 2K")
2¢" =2¢" + At (L¢"T 4 LC" 4 2K")

"2 - AtL) = ¢" (2 + Atl) 4+ 2AtK?
(= C"(2+ AtL) + 2AtK"

(2 - Atl)
Pros Cons
@ zero phase magnitude e implict
error @ requires matrix
@ 2nd order accurate in "inversion” at each time
time step
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Step 4: Solve Poisson’s Equation for W

ov;,

0,01) 5~ =U, Vin, =0  (0.1,0.1)

Wy ;=0 Wy =0
(0,0) V;1=0 (0.1,0)
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Step 4: Solve Poisson’s Equation for W

Discretized Poisson’'s Equation

1 1
72 Wisny =2V + Vioy)) + o5 (Vijer = 2Vij + Vij1) = —Gij
—4 1
1 -4 1
B C B= %
A B C 1 -4 1
. 1 -4
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1
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Residual Functions

¢n—¢rt wn .yl
R; = max ( = C-"-w | R> = max Wil S
i J

—1 n—1
|ulf7.7uf1. | |v.".7v.. ‘
R — 5 1 — 1) 1y
3 = MmaxX ( u;,j R4 = max V,'nj

Table: Solution Residuals

N R R> Rs R4

16 | 1.1355e-11 1.3403e-11 3.8458e-12 2.2045e-11
32 | 8.1698e-4  1.2320e-4  2.2533e-4  3.5410e-4
48 | 5.9612e-8 1.6708e-8  4.2680e-9  6.6733e-9
64 | 1.6388e-8 9.4765e-9  4.2710e-9  1.4373e-9
96 | 1.4431le-4  1.7145e-4  4.1748e-5  4.8822e-5
128 | 2.9813e-4 4.9043e-5 1.3184e-3  1.9313e-4
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A Coarse Baseline Solution

Stream Function Contours for N = 32 Zeta Surface for N = 32
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x(m)

@ 900 linear equations solved at each time step

@ "lInverse” of a 900 square, spares matrix computed at each
time step

Ben Wilfong A Second Order Solution to the Lid-Driven Cavity Problem



A Finer Intermediate Solution

01 Stream Function Contours for N = 64 Zeta Surface for N = 64
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@ 3844 linear equations solved at each time step

@ "lInverse” of a 3844 square, spares matrix computed at each
time step
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Stream Function Contours for N = 128

Zeta Surface for N = 128
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@ 15876 linear equations solved at each time step

A Fine "Final” Solution

278573

— o0

x(m)

@ "lInverse” of a 15876 square, spares matrix computed at each

time step
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Velocity Plots
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2http://www.nacad.ufrj.br/ rnelias/gallery/cavity.html
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An Alternative Explicit Time-Stepping Method

TASE Operator Definition

For the system of first order differential equations

ay

—=1Y
dt ’

The pt" order TASE operator is recursively defined as:

(I — aAtL)™1, ifp=1
TP, At) = { ops 761 (>-1) :
L 217 (aéi,_Ali);TL (adt) o p>2
where
= 2P —1
« Amin = ~— -
= min ’)\At‘max

3
3https:/ /arxiv.org/abs/1911.08399
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Lessons Learned

@ Explicit TASE operators take longer than implicit methods
when dealing with linear partial differential equations.

@ Two dimensional problems yield very large matrices very
quickly.

@ Implementing CFD code is difficult!
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